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F -INJECTIVITY AND BUCHSBAUM SINGULARITIES
LINQUAN MA
Abstract. Let (R,m,K) be a local ring that contains a field. We show that, when R has
equal characteristic p > 0 and when Hi
m
(R) has finite length for all i < dimR, then R is
F -injective if and only if every ideal generated by a system of parameters is Frobenius closed.
As a corollary, we show that such an R is in fact a Buchsbaum ring. This answers positively a
question of S. Takagi that F -injective singularities with isolated non-Cohen-Macaulay locus
are Buchsbaum. We also study the characteristic 0 analogue of this question and we show
that Du Bois singularities with isolated non-Cohen-Macaulay locus are Buchsbaum in the
graded case.
1. Introduction
The concept of F -injective rings was first introduced in [Fed83] in the early 1980s. This
class of rings naturally arises when one studies the Frobenius actions on the local cohomology
supported at the maximal ideal, and is a natural generalization of F -pure rings. There is
a notion of Frobenius closure for ideals (see Section 2 for detailed definition) that has close
connections with F -pure and F -injective singularities. In general, the Frobenius closure is
very small and is always contained in the tight closure (we refer to [HH90] for basic tight
closure theory). And, quite similar to the tight closure characterizations of F -regularity and
F -rationality, it is well known that, under mild conditions on R, the F -purity of R is the same
as the condition that every ideal be Frobenius closed. If we assume R is Cohen-Macaulay,
then the F -injectivity of R is equivalent to the condition that every ideal generated by a
system of parameters be Frobenius closed, and also equivalent to the condition that a single
ideal generated by a system of parameters be Frobenius closed.
However, when R is not assumed to be Cohen-Macaulay, the relation between F -injectivity
and Frobenius closure is not clear. The first goal of this paper is to explore the connections
between these conditions without the Cohen-Macaulay assumption. Our first main theorem
is the following:
Theorem 1.1. Let (R,m) be a local ring of equal characteristic p > 0. Suppose H i
m
(R) has
finite length for each i < dimR. Then the following are equivalent:
(1) R is F -injective.
(2) Every ideal generated by a system of parameters is Frobenius closed.
In general, F -injective singularities are not necessarily Cohen-Macaulay, but in many cases,
they are Buchsbaum. This is a natural weakening of Cohen-Macaulayness and, in a precise
sense, the closest condition to being Cohen-Macaulay (see Section 2 for details). In [Sch82],
Schenzel proved some homological criteria for Bushsbaum singularities. And, utilizing the
results of Hochster and Roberts on the purity of the Frobenius map in [HR76], Schenzel
also obtained some sufficient conditions for Buchsbaum rings in the graded case. In fact,
results in [Sch82] indicate that for (R,m) an F -injective graded ring, if H i
m
(R) has finite
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length for each i < dimR, then R is Buchsbaum. We note that, under some mild conditions
on R, H i
m
(R) has finite length for each i < dimR if and only if R is Cohen-Macaulay on
the punctured spectrum (we give a detailed explanation of this in Section 2). So Schenzel’s
result is basically saying that F -injective singularities with isolated non-Cohen-Macaulay
locus are Buchsbaum in the graded case. Takagi asked whether the same conclusion holds
when (R,m) is a local ring:
Question 1.2 (cf. Open Problem A.3 in [KS11]). Suppose (R,m) is F -injective and H i
m
(R)
has finite length for each i < dimR. Then is R a Buchsbaum ring?
This is supported by results of Goto and Ogawa in [GO83] when R is F -pure. Using
Theorem 1.1, we provide a positive answer to this question.
Corollary 1.3. Let (R,m) be a local ring of equal characteristic p > 0. Suppose R is
F -injective and H i
m
(R) has finite length for each i < dimR. Then R is a Buchsbaum ring.
It is known that F -injective singularities in characteristic p > 0 have close connections
with Du Bois singularities in characteristic 0. This connection was studied intensively by
Schwede in [Sch09], where it was proved that in characteristic 0, singularities of dense F -
injective type are Du Bois and it was conjectured that the converse is also true. Based on
this connection, it is quite natural to consider the characteristic 0 analogue of Question 1.2:
Question 1.4 (cf. Open Problem A.4 in [KS11]). Suppose (R,m) is Du Bois and H i
m
(R) has
finite length for each i < dimR. Then is R a Buchsbaum ring?
Note that by results of Ishida in [Ish84], Question 1.4 has a positive answer if (R,m)
is a normal isolated singularity. Using Schenzel’s criterion for Bushsbaum singularities in
[Sch82] and Schwede’s simple characterization of Du Bois singularities in [Sch07], we provide
a positive answer to Question 1.4 in the normal standard graded case.
Theorem 1.5. Let (R,m) be a normal standard graded K-algebra (i.e., generated over K
by 1-forms). If R is Du Bois and H i
m
(R) has finite length for each i < dimR, then R is a
Buchsbaum ring.
Throughout this paper we will use (R,m) to denote either a Noetherian local ring with
unique maximal ideal m or an N-graded ring finitely generated over K with unique homoge-
neous maximal ideal m. Rings are always assumed to be equal characteristic (i.e., contain a
field). In Section 2 we recall and review some basic definitions and properties about F -pure,
F -injective and Buchsbaum rings. In Section 3 we work in equal characteristic p > 0. We
prove Theorem 1.1 and Corollary 1.3. In Section 4 we work in equal characteristic 0. We
provide a criterion for Du Bois singularities for section rings of normal projective varieties
and we prove Theorem 1.5, and we also remark that the conjecture that Du Bois singularities
have dense F -injective type implies a positive answer to Question 1.4.
2. Preliminaries
Let (R,m) be a local ring that contains a field. If R has equal characteristic p > 0, then
there is a natural action of the Frobenius endomorphism of R on each of its local cohomology
modules H i
m
(R). Recall that a map of R-modules N → N ′ is pure if for every R-module M
the map N⊗RM → N
′⊗RM is injective. R is called F -pure if the Frobenius endomorphism
2
R
F
−→ R is pure. R is called F -injective if the Frobenius acts injectively on H i
m
(R) for every
i. We point out that F -pure always implies F -injective (see [HR76]).
When R has equal characteristic p > 0, for every ideal I ⊆ R, we define
IF = {x ∈ R|∃e, xp
e
∈ I [p
e]}
to be the Frobenius closure of I. I is called Frobenius closed if IF = I. It is well known
that under mild conditions on R, R is F -pure if and only if every ideal is Frobenius closed.
Moreover, ifR is Cohen-Macaulay, then R is F -injective if and only if every ideal generated by
a system of parameters is Frobenius closed, and also if and only if one single ideal generated
by a system of parameters is Frobenius closed.
We say that a local ring (R,m) has finite local cohomology if H i
m
(R) has finite length
for every i < dimR. It is well known that, under mild conditions on R, R has finite
local cohomology if and only if R is equidimensional and Cohen-Macaulay on the punctured
spectrum (see [STC78]). We will need the following important result characterizing rings
with finite local cohomology. This result and its equivalent form appeared in [STC78], [Sch83]
and [GO83]. We recall that a sequence of elements x1, . . . , xr in a local ring R is called a
d-sequence if (x1, . . . , xi−1) : xixj = (x1, . . . , xi−1) : xj for every 1 ≤ i ≤ j ≤ r.
Theorem 2.1 (cf. Proposition 2.1 and 2.2 in [Sch83] and the main Theorem in [GO83]).
Let (R,m) be a local ring of dimension n, then the following are equivalent:
(1) H i
m
(R) has finite length for all i 6= n.
(2) There exists an integer N such that for every system of parameters x1, . . . , xn con-
tained in mN , we have
(x1, . . . , xi−1) : xi = (x1, . . . , xi−1) : m
N .
(3) There exists an integer N such that every system of parameters contained in mN is
a d-sequence.
(4) There exists an integer N and a constant C such that for every system of parameters
x1, . . . , xn of R, we have
l(R/(x))− e(x,R) ≤ C
with equality when (x1, . . . , xn) ⊆ m
N .
Moreover, when the equivalent conditions hold, we can let
C =
n−1∑
i=1
(
n− 1
i
)
l(H i
m
(R)).
Now we give the definition of Buchsbaum rings. It turns out that there are many different
ways to define them. We also note that the definition of Buchsbaum rings is characteristic
free (in fact it makes sense in mixed characteristic also, but we will not use this).
Definition 2.2. The following conditions on a local ring (R,m, K) are equivalent:
(1) For every system of parameters x1, . . . , xn, we have
(x1, . . . , xi−1) : xi = (x1, . . . , xi−1) : m
for every i.
(2) Every system of parameters is a d-sequence.
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(3) The difference lR(R/J) − e(J,R), where J is an ideal generated by a system of
parameters, is an invariant of R (i.e., it is independent of J).
(4) There is a system of parameters x = x1, . . . , xn such that τ
nC•(x,R) is quasi-
isomorphic to a complex of K-vector spaces, where τnC•(x,R) is the Cˇech complex
truncated from above at the n-th place.
When R satisfies one of these equivalent conditions, it is called a Buchsbaum ring.
We refer to [Hun82] for (1) ⇔ (2), [SV73] for (1) ⇔ (3) and [Sch82] for (1) ⇔ (4). Next
we summarize some basic facts about Buchsbaum rings.
Remark 2.3. (1) Cohen-Macaulay rings are obviously Buchsbaum. Moreover, by Defini-
tion 2.2, it is clear that R is Buchsbaum if and only if we can take N = 1 in (2)-(4)
in Theorem 2.1. So among rings with finite local cohomology, Buchsbaum rings are
the closest to Cohen-Macaulay rings.
(2) By (4) in Definition 2.2, R is Buchsbaum implies H i
m
(R) are K-vector spaces for all
i < n = dimR. However, there exist local rings such that H i
m
(R) are K-vector spaces
for all i < n = dimR but R is not Buchsbaum (see [Got84]).
We also mention the notion of Buchsbaum modules introduced in [SV78]. A finitely
generated module M over a local ring (R,m) is called a Buchsbaum module of dimension d if
(x1, . . . , xi−1)M :M xi = (x1, . . . , xi−1)M :M m
for every system of parameters (x1, . . . , xd) of M and every 1 ≤ i ≤ d. So R is Buchsbaum if
and only if R is a Buchsbaum module over R of maximal dimension = dimR. We will need
the following powerful criterion, the so-called surjectivity criterion, of Buchsbaum modules:
Theorem 2.4 (cf. Theorem 1 in [SV78] and Satz 2 in [Stu¨80]). Let M be a finitely gener-
ated module over a local ring (R,m, K). If the canonical maps ExtiR(K,M) → H
i
m
(M) are
surjective for all i 6= d = dimM then M is a Buchsbaum module. Moreover, if R is regular,
then the converse also holds.
In [Sch82], Schenzel observed the following criterion for rings to be Buchsbaum in the
graded case which turns out to be very useful. In fact, this follows easily from (4) in
Definition 2.2.
Theorem 2.5 (cf. Theorem 3.1 in [Sch82]). Let (R,m) be a special graded K algebra (mean-
ing that R is non-negatively graded of finite type over K). If there exists an integer t such
that [H i
m
(R)]s = 0 for all s 6= t and for every i < dimR, then R is a Buchsbaum ring.
When (R,m) is special graded, F -injective and has finite local cohomology, it is easy to
see that for every i < dimR, H i
m
(R) = [H i
m
(R)]0. Hence in this case, we can apply Theorem
2.5 with t = 0. Therefore if (R,m) is special graded, F -injective and R has finite local
cohomology, then R is Buchsbaum. This fact is known to experts. In fact, this is exactly
Proposition 4.1 in [Sch82]. Although Schenzel requires that R be F -pure, exactly the same
argument works when R is F -injective.
3. Characteristic p > 0 results
In this section we prove our main results in characteristic p > 0, Theorem 1.1 and Corollary
1.3. Throughout this section all rings are of equal characteristic p > 0 (although we will
repeat this sometimes). We start by proving two simple lemmas that we will use.
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Lemma 3.1. If every ideal generated by a full system of parameters is Frobenius closed, then
so is every ideal generated by part of a system of parameters.
Proof. Suppose (x1, . . . , xt) is part of a system of parameters, contained in (x1, . . . , xt, xt+1, . . . , xn).
If y ∈ (x1, . . . , xt)
F , then y ∈ (x1, . . . , xt, x
s
t+1, . . . , x
s
n)
F = (x1, . . . , xt, x
s
t+1, . . . , x
s
n) for every
s > 0. So
y ∈
⋂
s
(x1, . . . , xt, x
s
t+1, . . . , x
s
n) = (x1, . . . , xt).

Lemma 3.2. Let (R,m) be a local ring such that every ideal generated by a system of
parameters is Frobenius closed. Then the Frobenius acts injectively on Hj
m
(R) for j = dimR
and j = depthR.
Proof. First notice that if J [q] = (xq1, . . . , x
q
j) is Frobenius closed for every q = p
e, then
Frobenius acts injectively on HjJ(R). This is because we have a direct limit system
R/J //
F

R/J [p] //
F

R/J [p
2] //
F

· · ·
R/J [p] // R/J [p
2] // R/J [p
3] // · · ·
where the vertical maps are the Frobenius and the horizontal maps are multiplications by
(x1 · · ·xj)
pe−pe−1 at the corresponding spots. The direct limit of both lines are HjJ(R) and
the vertical map is exactly the Frobenius action on HjJ(R). Since J
[q] is Frobenius closed,
we know that each vertical map is injective, hence so is the induced map on the direct limit.
Therefore Frobenius acts injectively on HjJ(R). From this it follows immediately that if
every ideal generated by a system of parameters is Frobenius closed, then Frobenius acts
injectively on Hn
m
(R) for n = dimR.
Now we let I = (x1, . . . , xn) be a system of parameters with (x1, . . . , xr) a maximal regular
sequence in R (i.e., r = depthR). By Lemma 3.1, we know that (xq1, . . . , x
q
r) is Frobenius
closed for every q = pe. We have the local cohomology spectral sequence:
Ep,q2 = H
p
I (H
q
J(R))⇒ H
p+q
I+J(R).
We apply this spectral sequence to I = m and J = (x1, . . . , xr). Since (x1, . . . , xr) is a regular
sequence, HqJ(R) vanishes unless q = r. So this spectral sequence degenerates. So we know
that
H0
m
(HrJ(R))
∼= Hr
m
(R).
But since J [q] = (xq1, . . . , x
q
r) is Frobenius closed for every q = p
e, the above argument shows
that Frobenius acts injectively on HrJ(R), hence it also acts injectively on H
0
m
(HrJ(R))
∼=
Hr
m
(R). 
The next proposition is essentially taken from [GO83], where the authors show that for
rings of finite local cohomology, F -purity implies Buchsbaumness. But in fact, the argument
in [GO83] only uses that every ideal generated by a system of parameters is Frobenius closed.
We give a short proof of this proposition for completeness.
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Proposition 3.3 (cf. main Corollary in [GO83]). Let (R,m) be a local ring of equal charac-
teristic p > 0. Suppose R has finite local cohomology and every ideal generated by a system
of parameters is Frobenius closed. Then R is Buchsbaum.
Proof. We claim that every system of parameters is a d-sequence. SinceH i
m
(R) has finite local
cohomology, by Theorem 2.1 (1)⇒ (2), there exists N such that every system of parameters
contained in mN is a d-sequence. Let x1, . . . , xn be an arbitrary system of parameters.
Note that by Lemma 3.1, (x1, . . . , xi) is Frobenius closed for every i. We want to show
(x1, . . . , xi−1) : xixj = (x1, . . . , xi−1) : xj . One containment is obvious. For the other one, let
y ∈ (x1, . . . , xi−1) : xixj , for q ≥ N , we have
yxixj ∈ (x1, . . . , xi−1)
⇒ yqxqix
q
j ∈ (x
q
1, . . . , x
q
i−1)
⇒ yqxqj ∈ (x
q
1, . . . , x
q
i−1)
⇒ yxj ∈ (x1, . . . , xi−1)
⇒ y ∈ (x1, . . . , xi−1) : xj
where the third line we use (xq1, . . . , x
q
n) is a d-sequence (because q ≥ N), the fourth line we
use that (x1, . . . , xi−1) is Frobenius closed. 
We briefly review the Γ-construction introduced in [HH94]. Let K be a field of positive
characteristic p > 0 with a p-base Λ. Let Γ be a fixed cofinite subset of Λ. For e ∈ N we
denote byKΓ,e the purely inseparable field extension of K that is the result of adjoining pe-th
roots of all elements in Γ toK. Now for (R,m) a complete local ring with K ⊆ R a coefficient
field, let x1, . . . , xn be a system of parameters for R. We know that R is module-finite over
A = K[[x1, . . . , xn]] ⊆ R. Let A
Γ denote
⋃
e∈NK
Γ,e[[x1, . . . , xn]], which is a regular local ring
that is faithfully flat and purely inseparable over A. The maximal ideal of A expands to that
of AΓ. Let RΓ = AΓ ⊗A R, which is module-finite over the regular ring A
Γ and is faithfully
flat and purely inseparable over R. The maximal ideal of R expands to the maximal ideal
of RΓ and the residue field of RΓ is KΓ =
⋃
e∈NK
Γ,e.
We will use the important fact that RΓ is F -finite (see [HH94] for details). Moreover, we
can preserve many good properties of R when Γ is sufficiently small. For example, if (R,m)
is complete and F -injective, then RΓ is still F -injective for any sufficiently small choice of
cofinite Γ by Lemma 2.9 in [EH08].
Now we state and prove our main result in characteristic p > 0.
Theorem 3.4. Let (R,m) be a local ring of equal characteristic p > 0 and dimension n.
Suppose R has finite local cohomology. Then the following are equivalent:
(1) R is F -injective.
(2) Every ideal generated by a system of parameters is Frobenius closed.
Proof. We first prove (1)⇒ (2). Since R is F -injective, so is R̂. We apply the Γ-construction
to R̂: R̂Γ is F -finite and F -injective for any sufficiently small choice of cofinite Γ. Now we
consider S =
̂̂
RΓ, we know that S is complete, F -finite, F -injective and faithfully flat over R.
If we can show that every ideal generated by a system of parameters in S is Frobenius closed,
then the same follows for R because for every I ⊆ R generated by a system of parameters,
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we have IF ⊆ (IS)F
⋂
R = IS
⋂
R = I. Therefore, to prove (1) ⇒ (2), we may replace R
by S and hence assume that R is complete and F -finite. Note that in this case since R is
F -injective, we know R is reduced (for example, see Remark 2.6 in [SZ12]), hence we may
also assume without loss of generality that R is reduced.
Let R1/q denote the ring obtained by adjoining all q-th roots of elements of R where q = pe.
Since R is reduced, we have a short exact sequence
0→ R→ R1/q → R1/q/R→ 0
which induces a long exact sequence of local cohomology
(3.4.1) · · · → H i−1
m
(R1/q/R)
φi
−→ H i
m
(R)→ H i
m
(R1/q)→ H i
m
(R1/q/R)→ · · · .
Because R is F -injective, each H i
m
(R)→ H i
m
(R1/q) is injective. This means each connecting
map φi is the zero map. So (3.4.1) actually gives us n− 1 short exact sequences:
(3.4.2) 0→ H i
m
(R)→ H i
m
(R1/q)→ H i
m
(R1/q/R)→ 0
for every 0 ≤ i ≤ n− 1.
Let x1, . . . , xn be any system of parameters, we want to show that (x1, . . . , xn) is Frobenius
closed. Since R is complete, we may pick a coefficient field K ∼= R/m of R, and by Cohen’s
structure theorem, R is module finite over A = K[[x1, . . . , xn]]. Hence R
1/q is also module
finite over A for every q = pe since R is F -finite. By Theorem 2.1 (1)⇒ (2), if q > N , every
system of parameters in R satisfies
(xq1, . . . , x
q
i−1) :R m
[q] ⊆ (xq1, . . . , x
q
i−1) :R x
q
i = (x
q
1, . . . , x
q
i−1) :R m
N ⊆ (xq1, . . . , x
q
i−1) :R m
[q].
So we must have equalities. But after taking q-th roots, this implies
(x1, . . . , xi−1)R
1/q :R1/q xi = (x1, . . . , xi−1)R
1/q :R1/q m.
In particular, this implies that when q > N , R1/q is a (finitely generated) Buchsbaum R-
module of dimension n, and hence also a Buchsbaum A-module of dimension n.
Now we claim that for every q > N , R1/q/R is also a Buchsbaum module of dimension
n over A. We prove this using the surjectivity criterion of Buchsbaum modules (Theorem
2.4). We have the following commutative diagram, which are the long exact sequences of
ExtiA(K,−) and H
i
m
(−) induced by 0→ R→ R1/q → R1/q/R→ 0:
· · · // ExtiA(K,R) //

ExtiA(K,R
1/q) //
αi

ExtiA(K,R
1/q/R) //
βi

· · ·
0 // H i
m
(R) // H i
m
(R1/q) // H i
m
(R1/q/R) // 0
where the bottom sequence is exact by (3.4.2). Since R1/q is a Buchsbaum A-module of
dimension n and A is a regular local ring, we know that for each 0 ≤ i ≤ n − 1, αi is
surjective. So by the commutativity of the above diagram, each βi is also surjective. Hence
R1/q/R is a Buchsbaum A-module of dimension n for every q > N .
Now we apply Theorem 2.1 (1)⇒ (4) for (x) = (x1, . . . , xn), we have
(3.4.3) l(R/(x))− e(x,R) ≤
n−1∑
i=1
(
n− 1
i
)
l(H i
m
(R))
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Since R1/q and R1/q/R are Buchsbaum modules over A, we know from Bemerkung (4.2) in
[STC78] that
(3.4.4) l(R1/q/(x)R1/q)− e(x,R1/q) =
n−1∑
i=1
(
n− 1
i
)
l(H i
m
(R1/q))
and
(3.4.5) l(
R1/q/R
(x)(R1/q/R)
)− e(x,R1/q/R) =
n−1∑
i=1
(
n− 1
i
)
l(H i
m
(R1/q/R))
where the length l(−) and multiplicity e(−) are considered as length and multiplicity com-
puted over A, which are the same as the length and multiplicity computed over R since R
is module finite over A with the same residue field. Now we consider (3.4.3)-(3.4.4)+(3.4.5).
The left hand side is just
l(R/(x))− l(R1/q/(x)R1/q) + l(
R1/q/R
(x)(R1/q/R)
)
because the multiplicities cancel. The right hand side is zero because of (3.4.2). Hence we
know that
(3.4.6) l(R/(x)) + l(
R1/q/R
(x)(R1/q/R)
) ≤ l(R1/q/(x)R1/q).
On the other hand, we can also apply ⊗RR/(x) to the short exact sequence
0→ R→ R1/q → R1/q/R→ 0,
and we get
TorR1 (R/(x), R
1/q/R)
ϕ
−→ R/(x)→ R1/q/(x)R1/q →
R1/q/R
(x)(R1/q/R)
→ 0.
So (3.4.6) implies that ϕ must be the zero map. Hence for every q > N , we have an
injection 0 → R/(x) → R1/q/(x)R1/q. But this map is the same as the Frobenius map:
0→ R/(x)→ R/(xq). Now if y ∈ (x1, . . . , xn)
F , then yq ∈ (xq1, . . . , x
q
n) for some q > N , so y
maps to 0 under 0→ R/(x)→ R/(xq), hence y ∈ (x1, . . . , xn). This proves that every ideal
generated by a system of parameters is Frobenius closed.
Now we prove (2)⇒ (1). Since every ideal generated by a system of parameters is Frobe-
nius closed, by Proposition 3.3 we know that R is Buchsbaum. But since R is Buchsbaum,
we know that every system of parameters is a standard system of parameters in the sense
of Schenzel [Sch83] (see Corollary 3.6 in [Sch83]). Hence by Proposition 3.3 in [Sch83], we
know that for every ideal I = (x1, . . . , xn) generated by a system of parameters in R and
every 0 ≤ i ≤ n− 1, there are natural isomorphisms:
(3.4.7) H i
m
(R) ∼=
(x1, . . . , xi) : I
(x1, . . . , xi) +
∑i
j=1(x1, . . . , x̂j, . . . , xi) : I
Now we observe that one can view the Frobenius map onH i
m
(R) as the natural mapH i
m
(R)→
H i
m
(R1/p) and then identify R1/p with R. It is straightforward to check that under (3.4.7),
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the Frobenius action on H i
m
(R) is the same as the map
(x1, . . . , xi) : I
(x1, . . . , xi) +
∑i
j=1(x1, . . . , x̂j, . . . , xi) : I
→
(xp1, . . . , x
p
i ) : I
[p]
(xp1, . . . , x
p
i ) +
∑i
j=1(x
p
1, . . . , x̂
p
j , . . . , x
p
i ) : I
[p]
sending y to yp.
So in order to show that Frobenius acts injectively on H i
m
(R) for 1 ≤ i ≤ n− 1, it suffices
to show that if yp ∈ (xp1, . . . , x
p
i ) +
∑i
j=1(x
p
1, . . . , x̂
p
j , . . . , x
p
i ) : I
[p], then y ∈ (x1, . . . , xi) +∑i
j=1(x1, . . . , x̂j , . . . , xi) : I. But since R is Buchsbaum, we know that (x1, . . . , xi) : I =
(x1, . . . , xi) : m is the unmixed component of (x1, . . . , xi) in its primary decomposition (we
refer to [Got83], page 502-503 for a more detailed explanation of this). Now by Theorem 4.7
in [Got83], for every 1 ≤ i ≤ n− 1 and every fixed k ≥ 2, we have
(3.4.8) (x1, . . . , xi) +
i∑
j=1
(x1, . . . , x̂j, . . . , xi) : I = (x
k
1, . . . , x
k
i ) : (x1x2 · · ·xi)
k−1.
So for every 1 ≤ i ≤ n− 1, we have
yp ∈ (xp1, . . . , x
p
i ) +
i∑
j=1
(xp1, . . . , x̂
p
j , . . . , x
p
i ) : I
[p]
⇒ yp(xp1x
p
2 · · ·x
p
i )
k−1 ∈ (xpk1 , . . . , x
pk
i )
⇒ y(x1x2 · · ·xi)
k−1 ∈ (xk1, . . . , x
k
i )
⇒ y ∈ (xk1, . . . , x
k
i ) : (x1x2 · · ·xi)
k−1
⇒ y ∈ (x1, . . . , xi) +
i∑
j=1
(x1, . . . , x̂j , . . . , xi) : I
where the last implication is by (3.4.8), and the second implication we use the fact that
(xk1, . . . , x
k
i ) is Frobenius closed (by Lemma 3.1). Hence considering (3.4.7), we have already
showed that Frobenius acts injectively on each H i
m
(R) when 1 ≤ i ≤ n− 1.
It remains to show that the Frobenius acts injectively on H0
m
(R) and Hn
m
(R). But since
every ideal generated by a system of parameters is Frobenius closed, we know that R is
reduced by the same argument as in the proof of Lemma 3.1. So we know that depthR ≥ 1
and hence H0
m
(R) = 0. Furthermore Frobenius acts injectively on Hn
m
(R) by Lemma 3.2.
This completes the proof of (2)⇒ (1). 
Finally we can give a positive answer to Question 1.2.
Corollary 3.5. Let (R,m) be a local ring of equal characteristic p > 0. Suppose R is
F -injective and R has finite local cohomology. Then R is Buchsbaum.
Proof. This follows immediately from Proposition 3.3 and Theorem 3.4. 
Remark 3.6. It is quite natural to ask whether F -injectivity is always equivalent to the
assertion that every ideal generated by a system of parameters is Frobenius closed. We
don’t have a counter example yet.
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4. Characteristic 0 results
In this section we study Question 1.4, and we provide a positive answer when R is a section
ring of a normal projective variety, hence in particular we answer this question when R is
normal and standard graded (we say R is standard graded if R0 = K and R is generated
over R0 by R1). Throughout this section all rings and schemes are of finite type over a field
K of characteristic 0. All schemes are separated. We first recall the definition of (strong) log
resolutions. Let X be a closed subscheme of Y with ideal sheaf I . A morphism π: Y˜ → Y
is called a log resolution of the pair (Y,X) if
(1) π is proper and birational with Y˜ smooth
(2) IOY˜ = OY˜ (−G) is an invertible sheaf corresponding to a divisor −G
(3) Supp(G)
⋃
E has simple normal crossings where E is the exceptional set of π.
When X = ∅, we simply say π is a log resolution of Y . We say π is a strong log resolution
of the pair (Y,X) if moreover π is an isomorphism outside of X . We note that when the
characteristic of K is 0, log resolutions always exist and strong log resolutions exist if Y is
smooth (see [Hir64]).
We now recall Schwede’s characterization of Du Bois singularities, which was shown to be
equivalent to the classical definition using Hodge theoretic methods in [Sch07].
Definition 4.1 (cf. Theorem 4.6 in [Sch07]). Let X →֒ Y be a reduced closed subscheme
of a smooth scheme Y . Let π: Y˜ → Y be a strong log resolution of (Y,X) and let E be the
reduced pre-image of X in Y˜ . Then X has Du Bois singularities if and only if the natural
map OX → Rπ∗OE is a quasi-isomorphism.
Moreover, when X is a Cohen-Macaulay normal scheme, there is another simple criterion
for Du Bois singularities proved in [KSS10] which is also useful.
Theorem 4.2 (cf. Theorem 3.1 in [KSS10]). Suppose that X is normal and Cohen-Macaulay.
Let π: X ′ → X be any log resolution of X, and denote the reduced exceptional divisor of π
by G. Then X has Du Bois singularities if and only if π∗ωX′(G) ∼= ωX .
Now we are ready to prove our main result in characteristic 0. It follows from some more
general results. The first one is a Kodaira vanishing result for normal Cohen-Macaulay
Du Bois singularities. This is well known to experts, and follows from a more general (and
harder) result of Patakfalvi (Theorem 1.3 of [Pat13]). But we also give a short, different proof
for completeness. In fact the result follows easily from one of Fujino’s vanishing theorems.
Theorem 4.3. Let X be a normal projective scheme which is Cohen-Macaulay and Du Bois.
Then H i(X,ωX ⊗L ) = 0 for every ample line bundle L and every i > 0.
Proof. One of Fujino’s vanishing results (for example, see Theorem 1.1 in [Fuj09]) says that
if f : Y → Z is projective with Y smooth, and B is an effective Q-divisor with coefficients
≤ 1 with simple normal crossing support, then we have
Hp(Z,Rqf∗OY (KY +B +H)) = 0
for every p > 0, q ≥ 0 if H = f ∗H ′ for some ample H ′.
Take a log resolution π: X ′ → X of X with reduced exceptional divisor G. In particular G
has coefficient ≤ 1 with simple normal crossing support. Now we apply the above vanishing
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result to Y = X ′, Z = X , B = G, H = π∗L , p = i > 0 and q = 0. We get
(4.3.1) H i(X, π∗(OX′(KX′ +G)⊗ π
∗
L )) = 0.
Since we know that π∗ωX′(G) ∼= ωX when X is normal Cohen-Macaulay and Du Bois by
Theorem 4.2. Applying the projection formula to (4.3.1) we get H i(X,ωX ⊗L ) = 0. 
Another key ingredient is the following result which gives a characterization of Du Bois
singularities for section rings of ample line bundles. The proof makes use of the “natural”
construction from [Gro61].
Theorem 4.4. Let Z be a normal projective variety over K and let L be an ample line
bundle on Z. Let R = ⊕i∈NH
0(Z,L i) be the section ring of Z with respect to L and m be
the irrelevant maximal ideal of R. Then the following are equivalent:
(1) R is Du Bois.
(2) Z has Du Bois singularities and [H i
m
(R)]>0 = 0 for every i ≥ 0.
Proof. If R is Du Bois, so is RP for all homogeneous primes P . So both (1) and (2) imply Z
has Du Bois singularities. So without loss of generality we assume Z is Du Bois. Since L
is ample, we know that R is a finitely generated K-algebra. We pick homogeneous elements
x1, . . . , xm in R that form a set of algebra generators of R over K. Let xj have degree
dj > 0. We have a natural degree-preserving map S = K[x1, . . . , xm] ։ R where S is the
polynomial ring with a possibly non-standard grading. Let X = SpecR, Y = SpecS, we
have X →֒ Y ∼= Am.
Now we use R♮ and S♮ to denote the Rees algebra of R and S with respect to the natural
filtration R≥t and S≥t. That is,
R♮ = R⊕ R≥1 ⊕ R≥2 ⊕ · · · ,
S♮ = S ⊕ S≥1 ⊕ S≥2 ⊕ · · · .
Let X˜ = ProjR♮ and Y˜ = ProjS♮. We have natural maps X˜ → X and Y˜ → Y induced by
the inclusion R →֒ R♮ and S →֒ S♮. We note that when x1, . . . , xm all have degree 1, X˜ and
Y˜ are just the blow ups of X and Y at the homogeneous maximal ideals.
It is straightforward to check that the reduced pre-image of X in Y˜ is X = X˜
⋃
E where
E ∼= Proj(S/S≥1 ⊕ S≥1/S≥2 ⊕ · · · ) ∼= ProjS is a weighted projective space. It is also clear
that X˜
⋂
E ∼= ProjR = Z.
We further let Y0
f
−→ Y˜ be a strong log resolution of the pair (Y˜ , X) and we use X0 to
denote the reduced pre-image of X in Y0. We summarize all the above information in the
following diagram:
X0


//
f

Y0
f

π

X˜
⋃
E = X 

//
g

Y˜
g

X 

// Y
First notice that we can also interpret X˜ = ProjR♮ as the total space of the tautological
line bundle L −1 on Z (see Section 8.7.3 in [Gro61]). Hence X˜ has Du Bois singularities since
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Z has Du Bois singularities by assumption. Also notice that E is isomorphic to a weighted
projective space, so it has rational singularities and hence is Du Bois. Now since X˜ , E, and
X˜
⋂
E ∼= Z are all Du Bois, it follows that X is Du Bois because Du Bois singularities glue
well (for example, see 3.8, 4.10 in [DB81] or Lemma 3.4 in [Sch07]).
Second notice that we have a spectral sequence
Rpg∗R
qf∗OX0 ⇒ R
p+qπ∗OX0.
Since Y0 → Y˜ is a strong log resolution of (Y˜ , X) and X is Du Bois, we know that f∗OX0 =
OX and R
qf∗OX0 = 0 for q > 0 by Definition 4.1. So the above spectral sequence degenerates.
We have
(4.4.1) Riπ∗OX0
∼= Rig∗OX .
Now we compute Rig∗OX . Since X is affine, this is just H
i(X,OX). Since X = X˜
⋃
E,
Z ∼= X˜
⋂
E, we have an exact sequence
0→ OX → OX˜ ⊕ OE → OZ → 0.
This induces a long exact sequence on cohomology:
(4.4.2) · · · → H i(X,OX)→ H
i(X˜, OX˜)⊕H
i(E,OE)→ H
i(Z,OZ)→ · · · .
We know that H i(E,OE) = 0 for every i ≥ 1 because E is a weighted projective space.
We also know H i(Z,OZ) ∼= [H
i+1
m
(R)]0 for every i ≥ 1 because Z ∼= ProjR. Now we use
Cˇech complex to understand the map H i(X˜, OX˜) → H
i(Z,OZ). Recall that x1, . . . , xm
are homogeneous algebra generators of R over K of degree d1, . . . , dm. The natural map
OX˜ → OZ induces a map between the s-th spot of the Cˇech complexes of OX˜ and OZ with
respect to the affine cover {D+(xi)}1≤i≤m. This induced map on Cˇech complexes can be
explicitly described as follows (all the direct sum in the following diagram is taking over all
s-tuples 1 ≤ i1 < · · · < is ≤ m):
⊕OX˜(D+(xi1xi2 · · ·xis))
//
∼=

⊕OZ(D+(xi1xi2 · · ·xis))
∼=

⊕{
y
(xi1xi2 · · ·xis)
n
|n ≥ 0, y ∈ R≥nd, d = di1 + · · ·+ dis} //
∼=

⊕[Rxi1xi2 ···xis ]0
∼=

⊕[Rxi1xi2 ···xis ]≥0
φ
// ⊕[Rxi1xi2 ···xis ]0
It is straightforward to check that the induced map on the second line takes the element
y
(xi1xi2 · · ·xis)
n
to
y
(xi1xi2 · · ·xis)
n
where y denotes the image of y in R≥nd/R≥nd+1. Hence the
same map φ on the third line is exactly “taking the degree 0 part”. By the Cˇech complex
computation of sheaf cohomology, we know that H i(X˜, OX˜)
∼= [H i+1
m
(R)]≥0 and the map
H i(X˜, OX˜) → H
i(Z,OZ) is exactly the natural map [H
i+1
m
(R)]≥0 → [H
i+1
m
(R)]0 for every
i ≥ 1. Hence the above long exact sequence (4.4.2) gives (for every i ≥ 1)
(4.4.3) H i(X,OX) = [H
i+1
m
(R)]>0.
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From (4.4.1) and (4.4.3) it is clear that, for every i ≥ 1, we have
(4.4.4) Riπ∗OX0
∼= [H i+1
m
(R)]>0.
However, it is straightforward to check that Y0
π
−→ Y is also a strong log resolution of the
pair (Y,X) and X0 is the reduced pre-image of X in Y0. Hence by Definition 4.1, we know
that X has Du Bois singularities if and only if π∗OX0 = OX and R
iπ∗OX0 = 0 for i ≥ 1. But
since R is a section ring of a normal variety, R is normal. So π∗OX0 = OX is always true by
Corollary 5.7 in [Sch09]. So by (4.4.4), X = SpecR has Du Bois singularities if and only if
[H i
m
(R)]>0 = 0 for i ≥ 0 (note that H
0
m
(R) and H1
m
(R) vanish because R is normal). 
We state and prove our main theorem in characteristic 0.
Theorem 4.5. Let Z be a normal projective variety over K and let L be an ample line
bundle on Z. Let R = ⊕H0(Z,L i) be the section ring of Z with respect to L and m be
the irrelevant maximal ideal of R. If Z is Cohen-Macaulay and R has Du Bois singularities,
then R is Buchsbaum.
In particular, when (R,m) is a normal standard graded K-algebra, if R is Du Bois and R
has finite local cohomology, then R is Buchsbaum.
Proof. The last assertion is clear because every normal standard graded K-algebra is the
section ring of a normal projective variety Z ∼= ProjR with respect to some very ample line
bundle L , and the fact that R has finite local cohomology implies R is Cohen-Macaulay on
the punctured spectrum, so it implies Z is Cohen-Macaulay. Therefore it suffices to prove
the first assertion.
Following Theorem 2.5, we will show that [H i
m
(R)]s = 0 for every s 6= 0 and i < n = dimR.
Since R is normal, H i
m
(R) = 0 for i = 0, 1 so there’s nothing prove in these cases. Now for
2 ≤ i < n, we will show [H i
m
(R)]s = 0 for s > 0 and s < 0.
For s > 0, this follows immediately from Theorem 4.4 since R has Du Bois singularities.
For s < 0, we want to show [H i+1
m
(R)]s = H
i(Z,L s) = 0 for every i < n − 1. Since
Z = ProjR is Cohen-Macaulay and Du Bois of dimension n− 1, by Serre duality,
H i(Z,L s) ∼= Hn−1−i(Z, ωZ ⊗L
−s) = 0
where the last equality is by Theorem 4.3 since n− 1− i > 0. 
In [Sch09], the following conjecture was made:
Conjecture 4.6 (cf. Question 8.1 in [Sch09] or Conjecture 4.1 in [BST13]). Let X be a
reduced scheme of finite type over an algebraically closed field of characteristic 0. Then X
has Du Bois singularities if and only if X is of dense F -injective type.
We note that the “if” direction of the above conjecture is true by the main result in [Sch09].
And by a recent result of Bhatt, Schwede and Takagi [BST13], this conjecture is equivalent
to the weak ordinarity conjecture of Mustat¸a˘ and Srinivas [MS11]. The point we want to
make here is that under mild conditions on R, a positive answer to Conjecture 4.6 will give
a positive answer to Question 1.4 by the standard method of reduction mod p.
Proposition 4.7. Suppose Conjecture 4.6 holds. Let R be a ring finitely generated over an
algebraically closed field K of characteristic 0. Suppose R is equidimensional and m is the
only non-Cohen-Macaulay (closed) point of SpecR. If R is Du Bois, then Rm is Buchsbaum.
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Proof. Let R be generated over K by z1, . . . , zk, i.e., R = K[z1, . . . , zk]/J . Since R is an
affine algebra over an algebraically closed field K, without loss of generality we may assume
m = (z1, . . . , zk) is the isolated non-Cohen-Macaulay point. If Rm is not Buchsbaum, then
there exists system of parameters x = x1, . . . , xn, y = y1, . . . , yn of Rm such that
l(Rm/(x))− e(x,Rm) 6= l(Rm/(y))− e(x,Rm).
And we can certainly assume x, y are actually elements of R. We note that l(Rm/(x)) −
e(x,Rm) = χ1(x,Rm) =
∑n
i=1(−1)
il(Hi(x,R)m). Obviously, the support of all Hi(x,R),
Hi(y, R) consist only of finitely many maximal ideals m = m0,m1, . . . ,mt of R. Now we pick
f /∈ m but f ∈ mi for every i ≥ 1 and we localize at f . Notice that all the hypothesis on R
are unchanged. But now each Hi(x,R), Hi(y, R) is only supported at m. In particular we
know that
n∑
i=1
(−1)il(Hi(x,R)) = l(Rm/(x))− e(x,Rm) 6= l(Rm/(y))− e(x,Rm) =
n∑
i=1
(−1)il(Hi(y, R)).
Now we take a finitely generated Z-algebra A ⊆ K such that R is well-defined over A and
let RA be the corresponding subring of R so that R = RA ⊗A K. By generic freeness, we
can shrink A and make all the kernels, cokernels and homologies in the Koszul complex
0→ RA → R
n
A → · · · → R
n
A
x
−→ RA → 0
to be free as A-modules (and similar to y). In particular, we have Hi(x,R) = Hi(x,RA)⊗AK,
Hi(y, R) = Hi(y, RA)⊗A K and all Hi(x,RA), Hi(y, RA) are free A-modules. In particular,
we know that l(Hi(x,R)) = rankA(Hi(x,RA)) and l(Hi(y, R)) = rankA(Hi(y, RA)). Hence
we have
n∑
i=1
(−1)i rankA(Hi(x,RA)) =
n∑
i=1
(−1)il(Hi(x,R))
6=
n∑
i=1
(−1)il(Hi(y, R)) =
n∑
i=1
(−1)i rankA(Hi(y, RA)).
Now we pass to closed point of A, i.e., tensoring with A/s for s a maximal ideal of A. Let
Rs = RA⊗AA/s and let ms be the maximal ideal of Rs corresponds to m. Notice that when
we pass to Rs, the above will give us
n∑
i=1
(−1)il(Hi(x,Rs)) 6=
n∑
i=1
(−1)il(Hi(y, Rs))
because Hi(x,RA) and Hi(y, RA) are free over A. In particular, this is saying that (Rs)ms is
not Buchsbaum.
On the other hand, we can shrink A to make A regular and each RA[
1
zi
] free over A by
generic freeness. Let L be the fraction field of A. We know that
L⊗A RA[
1
zi
]→ K ⊗A RA[
1
zi
] = R[
1
zi
]
is faithfully flat with 0-dimensional fiber. Since (z1, . . . , zk) is the isolated non-Cohen-
Macaulay point, each R[ 1
zi
] is Cohen-Macaulay. It follows that each L ⊗A RA[
1
zi
] is Cohen-
Macaulay. So we can further shrink A such that each RA[
1
zi
] is Cohen-Macaulay. Now since
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A is regular and A→ RA[
1
zi
] is faithfully flat, it is easy to see that after tensoring with A/s
for each maximal ideal s of A, the resulting Rs[
1
zi
] is still Cohen-Macaulay for each i. Hence
we may assume that after we pass to each closed point of A (i.e., after we do the mod p reduc-
tion), each Rs still has an isolated non-Cohen-Macaulay point ms. And a similar argument
shows that we may also assume each Rs is equidimensional. Now if Conjecture 4.6 is true,
then there should be a dense set of s ∈ SpecA such that Rs is F -injective, equidimensional
with an isolated non-Cohen-Macaulay point ms. So by Corollary 3.5, (Rs)ms is Buchsbaum
for a dense set of s, this is a contradiction. 
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